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ABSTRACT

This work throws light on some problems in the theory of the determination
of the permissible service life of a structure subject to fatigue with the
calculation of a threshold valve for the fatigue life. Formulas have been
obtained for logarithmic normal distribution for the calculation of lower
limits of error in the estimation of a minimum life obtained from fatigue
tests. A method based on the principle of the greatest probability has been
worked out for the determination of the minimum value. The reliability and
effectiveness of the latter is discussed. For the evaluation of an allowable
service life a general safety criterion is proposed which with sample improve-
ments permits a standardization of safety factors in the determination of
the service life.

INTRODUCTION

The basic phenomenon of fatigue which must be taken into account in
the evaluation of the permissible service life of a structure consists of a
scatter of the fatigue life caused by great sensitivity to fatigue in various
types of structures and not least to various technological factors. The
number of factors that have an influence is so large that it is impossible to
consider the dependence of the length of life upon varying stresses in any
other way than as a random value with certain statistical distribution
whose parameters must be Ilade the subject of an estimation in the de-
termination of the permissible service life.
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Results from the stat istical research of recent years have established the
character of the distribution and also t he magnitude of the scatter of the
characteristics of the fatigue endurance. Sonic analytic expressions have
been put forward for the distribution of t he number of loading cycles until
the point when failure in the structure occurs. The most acceptable would
appear to be the proposals of Weibull [II, Freudenthal and Gumbel [2],
and Sorensen [3]. The most convenient for t heoretical application would
appear to be a logarithmically normal dist ribut ion [3].

The magnitude of the scatter, characterized by the standard deviation
departure of the logarithms of the number of load cycles leading to failure,
ulnN, is affected both by the type of st met tire and quality of manufacture
and by the level of the fatigue loads. Figure 1 shows, from experiment, the
standard deviation of the natural logarithms Sin.v of the failure life as a
function of the mean value of life N.

SInN 	 E
n 1

ln N, — N 2
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1 "
lfl N=lriNN= el"N

n

The relationship is based upon the works referred to [2,4-5], which deal
with the fatigue endurance for plain and notched test specimens of alumi-
num alloys and steel and also actual struct ures with limited numbers of
weak points. It will be seen from Fig. 1 that the scatter increases con-
siderably with an increase in the mean value of the length of life to which
regard must be paid in the determination of the factor of safety of the
fatigue strength. In recommendations now in existence for the estimation
of the service life of structures [6,7] increase in scatter is not taken into
account in the standardization of the y factors of safety (with reduced
level of stress).

In addition to the increase in scatter with a reduction in the fatigue
loads occurring, yet another phenomenon is observed which demands a
special method of treatment in the evaluation of a maximum allowable
service life. This phenomenon of the probak lit y distribution of the fatigue

strength consists of a departure from the logarithmic normal within the
region of frequency of loading which corresponds to a small probability of
failure. This departure is evidently caused by the existence of a definite
number of cycles No up to which the probability of failure is nil. Following
Freudenthal [8] we can call the quantity Xo "minimum life in fatigue."
A characteristic form for the dependence of t he probability of failure upon
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the number of loading periods, i.e., the distribution function of t he length
of life until failure, has been taken from Ref. 3 and is shown in Fig. 2. As is
shown in this reference, one can assume t hat t be log normal distribution
depends upon the difference bet ween t he number of  cycles  to failure and
the minimum life N — No.

Investigations in accordance wit h Refs. 2, 4, 5, and 9 make it possible in a
first approximation to del ernnne a value of No relat ed to the mean life of the
test specimens (Fig. 3). According to M. N. St epnikov [9] 1his relationship
can be written

In No = 0.86 In N

The existence of a minimum life can markedly alter the length of the
allowable service life compared with t he zero-minimum life.

Nowadays the estimation of the allowable service life is carried out as a
rule by two different met hods which are based on the theory of the random
log-normal distribution of the length of life until failure with a zero-
minimum life. As is known, it is necessary and sufficient for clearly estab-
lishing the probability of failure after a log-normal distribution to know
the actual mean value (mathematical expectancy) ah,N and the standard

deviation ŒIONfor the logarithms of the lengt h of life until failure.* In one
method [see, for example, Ref. (10) 1bot h t he quantities ahor and aiON are
determined from tests carried out on the fatigue endurance of actual
structural elements. The permissible number of loading periods for a given
probability of failure for the structure P „orn,and t he maximum permissible

probability of error in the determination of the service life Perror = 7 is
calculated in accordance with the formula

In Nallowable = In N —  KpTSIn N

The quantity K p [see Ref. (10) 1is determined by the condition that the

probability will be such that the quantity p will be less than the given

Poorm, i.e., that the probability of error for a given service life will not be
greater than 7. If the number of t est specimens in the fatigue tests is

sufficiently great, hi N ai0 N, Sin N aln N, aK, Up,  where li ,, is
the P-quantile for standardized normal population. In such a case

In Na I Iowable = a InN Upa In N

Where precise information is available about the magnitude of the mini-
mum life

ln Nallowable = NO

*For the sake of simplicity natural logarithms are used here.
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Figure 4 shows a comparison bet ween allowable service lives when No = 0

and when Xo 0 for the relationship X,, = f(N) and Cri„ X = f(N) given
in full lines in Figs. 1 and 3. The number of test specimens used in the tests
has been assumed to be infinitely large. From the comparison quoted it
follows that at low stresses a neglected determination of the minimum
life, particularly with a large machine park with consequently greater
probability that failure will not occur, can reduce the allowable service
life of the struct ure to a tenth or less. On the other hand, for relatively
high alternating stresses which determine the service life of the structure a
neglect ed del erminat ion of the minimum life can lead to an unmotivated
increase in t he service life.

The other method, which has been adopted in the standardization of
safety factors in a number of strength and flight safety standards, is based
on the magnitude of the standard deviation al„ .v of the fatigue endurance.
In the majority of cases a relatively low value of the quantity artorm is used
which agrees with tests on built-up structures with relatively high levels of
fatigue stresses. The British airworthiness requirements [6] correspond
approximately to the magnitude aoorm---- 0.35 at Pnorm = 0.0001 and
P„„or = 0.1. The reliability of this method of evaluating the service
life depends principally on the actual values for the parameter Gn„ N and
keeps to the allowable limits for No = 0 only when am  N < 0.35.

The existence of a minimum life in fatigue can extend considerably the
range of the parameters over which sufficient safety is still retained in the
calculation of the service life. In Fig. 5 the dotted parts of parameters a and
T/x cu/No indicate the region within which the given safety is attained,
i.e., Pf„,,„„ < l'„„r„, and P,.„0,. <  In the case given, the parameters a and
a represent the expectancy and the standard deviation of the quantity
ln (.V — No). The regions have been designed for the case where the calcu-
lation of the service life is based on the mean average value of the length of
life (British Requirements):

Arallowable = —
111

and on the choice of the minimum value of the length of life

!Val lov.able
072

Xmio is the least number of cycles to failure in fatigue testing. 7/1and 772are
required factors of safety.

As will be seen front Fig. 5, a satisfactory safety is secured only for very
large values of the minimum life. In order that this method of evaluation



= -
A

;
no

rm

F
2=

09
99

7
V

a.
'

‘.
...

.
C

,' 



/ /*
JO

s

rr
:

/7
..- -.

/0
.9

/0
*/

O
/0

f
/0

?
/0

4
/O

f

Fi
gu

re
 

4.
 

C
om

pa
ri

so
n 

be
tw

ee
n 

al
lo

w
ab

le
 

se
rv

ic
e 

liv
es

 f
or

V
 

=
0 

an
d 

N
o 

O
.

10
4



10 5 2

45

A
i m

•n;
SE

R
V

IC
E

L
IF

E

O
F

A ST
R

U
C

T
U

R
E

3
0 w

a 
do

cr
na

m
oq

hw
ei

 H
ev

(a
ll

oc
in

u
R

e 7
n 

of
 

s 
t 

s 
ac

 t
f 

t

2
5

/0
20

 
50

Fi
gu

re
 5

. 
R

eg
io

n 
of

 s
at

is
fa

ct
or

y 
sa

fe
ty

 i
n 

th
e 

ev
al

ua
tio

n 
of

 th
e 

se
rv

ic
e 

lif
e 

fo
r 

n 
=

 6
 a

nd
P

no
r.

 
=

0.
35

.



822 FOURTH CONGRESS - AERONAUTICAL SCIENCES

shall be sufficiently reliable for large parameter ranges, the number of test
specimens and the factors of safety n must be increased. But even in this
case, for example where 77= 20 and cf„,,,,u = 0.60, the parameter range
within which the given safety is not secured will be quite large, particu-
larly with evaluation from mean life (Fig. ti). The attainment of a satis-
factory safety over the whole of the range of scatter of length of life
occurring in practice without an exaggerated increase of the factors of
safety is only possible through the calculation of the service life with the
determination of the minimum life.

The evaluation of the service life of a structure by calculating with a
minimum life is also to be preferred from other points of view. Based on
experiments carried out it can be assumed that the magnitude No is to a
certain degree more typical for the fatigue strength of materials and
structures than is the mean value N. From statistical analyses of scale
effect, for example, it follows that this effect is reduced with increased
probability of nonfailure [11]. With zero probability of failure this must
completely disappear.

A reduction in the sensitivity in relation to the influence of different
factors on the length of life with reduced probability of failure has also
been observed in cases of the effect of various types of overloading on the
fatigue endurance.

The evaluation of the allowable service life of a structure with respect to
fatigue by the calculation of a minimum life is thus appropriate. A method
for such evaluation is therefore also necessary. In order to determine
minimum life in fatigue it is necessary to study a number of basic theoreti-
cal conditions. Among these can be classed in the first instance matters
concerning mathematical statistics having to do with the determination of
the quantity No experimentally, a method of determining No and possible
errors in the same caused by scatter in the test results and the limited
sample size of the tests. In addition, a more detailed specification is re-
quired of the criterion of the reliability of the structure based on the
fatigue conditions. This criterion forms the basis for the determination of
safety against fatigue. These questions, which have not yet been treated in
the literature on fatigue endurances and service lives, have formed the
subject of the present paper.

ACCURACY IN THE DETERMINATION OF THE MINIMUM LIFE

If one considers the length of life dependent upon fatigue as a random
variable and the number of test pieces in the fatigue tests is limited (not
infinitely ltrge), the value of the minimum life No must, like every other
experimentally determined parameter which characterizes the scatter of
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the length of life, be considered to be of random size. The scatter depends
above all upon the sample size of the tests and causes a random error in the
determination of the minimum life, which can turn out to be of very con-
siderable magnitude and which must be taken into account both in the
use of No for the estimation of the allowable service life and also for a
correct analysis of the values obtained by experiment. The question of
accuracy in the determination of the minimum life has not until now been
investigated and therefore existing experimental basic data concerning No
must be regarded as guide values.

The spread of the estimated minimum life depends also upon the method
that has been used for its determination with the help of experimental
values. It is, however, known [12] that how advantageous this method of
procedure has been from the point of view of accuracy, the spread for a
certain definite number of tests can never fall below a fixed limit. This
minimum spread can be determined on the basis of known results from
mathematical statistics. It is valuable to know this spread primarily for
the determination of the least margin of safety for the service life but also
to be able to judge the accuracy of current methods for the estimation of
the desired parameter.

We shall solve the problem of determining the minimum limits for the
spread of the minimum life on the assumption that the random quantity

= In (N — No), where N is the number of cycles up to failure in fatigue
tests and No is the minimum life in number of  cycles,  has normal distribu-
tion with the mean a and the standard deviation or. The probability
density for E is in other words:

1 

Sot — e_a_.)2/262

Zr  o.
(1)

The spread of the fatigue length of life No is determined in this case by the
three parameters OI = No, 02 = a, 03 = a. The quantities No, a, and  o- are
determined from the results of fatigue tests with n test pieces: NI, N2,

N,,.  The values obtained experimentally (estimations) for these
parameters 01 = No, 02 = a, and 03 = a form random quantities whose
common spread is above all characterized by the matrix for the second
moment of these quantities:

IAl if!

_

M = 211 lOiOil = f 0(8,30;) dO,d0;

where

is the function for the common distribution of the estimates 0iand
0;  for the parameters Oiand ei.
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The important quantity, the scatter of a parameter's estimated value, is
as is known, its standard deviation ao, the square of which is equal to the
corresponding second moment:

— 2
aei =

The lower limits for the quantities M 11are provided by the matrix co-
efficients; this matrix is in relation to la;11 coefficients an inverse quad-
ratic form for so-called ellipsoidal dispersion:

(2)

K is the number of estimated parameters; in our case K = 3.
The coefficientsai; are determined in the following manner:

= nM
{a In v 0 ln 


aei ae, ** (3)

a In cp a In f a [ln so W
]

a [In v (
)
] v()cit


ae, ae, ae, ae,

After the appropriate calculations have been carried out it is found that
the matrix for the coefficientsa„ has the following appearance:

0 •2 -4- 1 e-2(a-o')  1 —(a—a
e1/2)

2 —(0-
0 2

12)
— e — —

	

02
0'2 02

1 —(a—c2T/)

	

e

1

2 -(a-o'12)
- e 


The development of the matrix (5) gives the following values for the lower
limits of the standard deviation for the estimated values j;ro, 0, and :

If i(a)
UNO e (6)

cr: K2  (a)  (7)
n

0

2
cr2




K 3(a)  (8)
N/2n



826 FOUR.TH CONGRESS AERONAUTICAL SCIENCES

The coefficients K1,  Ko,  and  K,  are determined in accordance with the
formulas:

—

K22=

=





(9)

(10)

(11)

o2 + 1

a2 + 1

0.2 + 1

1
— -(4o4cr2

2 \

cr+ 1 — 252  e-°

— (4a4

0.2+ 1 _

_ 21( 40.4 + 0.2
+

2)

2)




2) e-°2

The variables  Ki(c), K2(a)  and  K3(a)  are shown in Fig. 7.
From the formulas quoted above and from Fig. 7 it follows that the lower

limit for the standard deviation of 'go does not depend upon the absolute
value of the minimum No, that it increases with the mean value (expec-
tancy) a and decreases with increased standard deviation a. The lower
limits for the standard deviation of the estimates  ii  and 3: for a > 2 coincide
with the exact values of the standard deviation of these estimates for
No = 0; for < 2 the quantities and 6r,, will be somewhat greater when
No X 0 than at the zero-minimum life. With the aid of the inequality (6)
one can make an estimate of the least number of tests that are required to
determine the minimum No with a given accuracy. If in the first approxi-
mation we use the rule "2' sigma" and put K1 = 1, we get

Crnax NO
(12)

where  n„„  is the allowable maximum relative error in the determination
of No.

Appmximate calculations show that the required number of tests is very
large. If, for example,  (5.„„ =  0.5, a = 1 and  e'/N =  10, which corresponds
to an average length of life of the order of 109, the least number of test
pieces Nmi„ 200. For shorter lengths of life combined with reduction of
a and increase of the ratio c'/N0 (see Figs. 1 and 2) the number of tests
must be even greater.

The choice of the method for the estimation of No will be under such
conditions a responsible task. The method used must be effective from the
statistical viewpoint, i.e., have the least possible scatter which will as
closely as possible agree with the scatter determined in accordance with
Eq. (6).
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METHODS FOR THE EVALUATION OF THE MINIMUM LIFE

Only one method can be found in the literature for the estimation of the
minimum life on the basis of experimental results. This method is based on
the smoothing out of the test results in relation to the normal distribution
according to the principle of the method of least squares [4]. As is known,
the method of least squares gives an estimate both effective and unobjec-

IS

• kl2
 ••••• •

10

OIS

CV 02 05 10 2 5 /0

Figure 7. CoefficientsKI,K, and K, as functions of cr.
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tionable* for the case where there exist independent normally distributed
quantities with similar standard deviations. With the smoothing out of the
terms in a variation series of experimental result s these conditions do not
exist, and therefore the method of least squares in the form that it has in
Eq. (4) demands a study of its effectiveness and even the introduction of
certain closer formulations.

In the present work we shall deal with another, more general method for
the obtaining of statistical estimates of unknown parameters, namely, the
method of greatest probability r I2]. The basic assumptions are the same as
before, i.e. that the quantity In (N — No) with the parameters a and a are
considered to be normally distributed. The application of the principle of
greatest probability gives in the case in question the following equation
for estimating :A,To for the minimum life at No cycles:

" In (Ni — No) ' 1 


1=1 — No i=1 Ni — No

In this equation

1 "
a = —EIn (Ni — No)

n

a-2 = —E[In (N — N o) —
n

where NI, . . . ,  N„  are the results from the fatigue tests.
The quantities A-To,a, and which are determined from Eqs. (13)-(15)

form the estimates of the greatest probability for the parameters No, a,
and u. The solution of Eq. (13) can either be done graphically or by known
methods of calculation for the solution of algebraic equations. If the
number of tests n is very great it is best to make use of an electronic
comput ing machine.

In certain situations the method of greatest probability gives so-called
asymptotically effective and normal estimates. If the number n is in-
creased, the standard deviation of the estimates tends towards the mini-
mum limits, but 1 he distribut ion of the est imates approaches the normal.
In order to be able to judge the possibilities of making practical use of this
method in the case in question it is necessary to decide how rapidly the
estimates obtained approach the effective under the assumption that n
increases. This can be est imai ed, for example, by the use of a method for

* I.e., not containing systematic errors.
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statistical tests where the random quantities are modelled in the calcu-
lat ing machine with a given distribution, and where the parameters No, a
and O' each time are estimated on the basis of the chosen number n. A calcu-
lation of this sort has been carried out in which pseudorandom numbers
have been employed as random quantities [13]. The calculation was directed
towards:

a check of the possibility of making practical use of the estimates in
accordance with the maximum method for the determination of the
minimum life.
the determination of the actual scatter for the estimates of the
minimum life, and the comparison of this scatter with the lower
spread limit by means of Eq. (6).
a check of the normality of the distribution of the estimates of

The calculations that have been carried out show that Eq. (13) call be
used for the estimation of the minimum life if n > 20. _For a smaller number
of tests the method in question can give no answer. For the determination
of the standard deviation (7-;0 repeated modellings of the fatigue test results
were carried out with given values of the parameters a and Cf. On the basis
of a series of results obtained for KT the number of which ATI, has been
assigned from 20 to 80, a sample value is determined for the standard
deviation of the quantity j ,70:

 _

n

2	 (IV— I E No)
— 1 .'i n k=1

which at the first approximation has been fixed as the quantity  aN-0.
The comparison of the values obtained in this way of the standard

deviation of the estimate of /Vo with their minimum limits indicate that
wit li arbitrary values of No and a in the range 0.5 < < 1.5 the estimation
by means of the maximum method is not far from the effective, beginning
at  n =  50- 100 test pieces. Figures 8 and 9 serve as an illustration to this
result, where it can he seen how the magnitude a zro depends upon n, a,
and Gr.

The distribution of the estimate of A/0 approaches the normal starting
from 20 tests (see Figs. 10 and 11). The comparison between t he distribu-
tion of random samples and the theoretical distribution shows satis-
fact orily good agreement both regarding the character of the distribution
and the size and average magnitude of the section and the mean value.
Deviations found lie within the permissible limits and can be explained
as scatter among t he random samples.



830 FOURTH CONGRESS — AERONAUTICAL SCIENCES

The equation of the maximum method (13) can thus be used to determine
the dependence of the minimum life upon 1 he number of cycles No.

The establishment of possible errors in the determination of No which
have been occasioned by random division of t he root of Eq. (13) from the
actual value, i.e., from the confidence interval of the minimum life, can be
done at the first approximation with the aid of Eq. (6), in which case
normal distribution for j ,i, is applied. If n is sufficiently large (n > 100-200)
the confidence interval for the magnitude No, which corresponds to the
degree of confidence Peonf, is determined in accordance with the formula

—
No — u„o-0 < No < No (16)

where u., a — = quantile solution of the normal distribution, i.e., that
quantity that satisfies the equation

1 
 _ 1 + Peon(a— , e a —

	

'V 2ir 2

lo a-o; an/a

420

4 /0

05

/0 20 50 /00 /2

	

0 —
ximurn rnethoi65frreatest probatiqty methoclj

ernog idau 0.76u.zeeo r2pa5 9 oop 9 0 4/.9Linirnur. velue
— —  ItfUNCR-fa/2bAroe.3kie21../PN4M

Figure 8. °No as a function of the number of fatigue tests.
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Instead of a and a in the initial distribution in Eq. (16) 1he random values
a and are inserted at the first approximation. With a smaller number of
random tests, e.g., for n = 20-100, the expression (16) will give far too
small an interval since in reality a and can depart considerably from the
actual values of a and a. In order to obtain a more accurate confidence

6"--
.Are

ae /2-50

o-a-o
0- a-/e

— q70/),49/7l2 f rmula

(5)

0

o 2

0

Figure 9. °A', as a function of the standard deviation cr.
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interval for the mininnnn life No we make use of the random auxiliary
variable K:

K =
gip — No

(17)

With the support of formulas (6), (7), and (8) it can be expected that
the distribution of the quantity K will be at any rate slightly dependent on
the parameters  a  and a. Calculations that have been carried out, a few
results from which are given in Fig. 12, indicate that this actually is the
situation. The quantity  a  has no influence at all on the distribution of K,
and the influence of o- is comparatively small in the region where the
commonly occurring values of this parameter lie (o- = 0.5-1.5). Figure 13
shows the smoothed out distributions for K within the limits 0.5 <  <  1.5
which can be used for the practical determination of the confidence interval
of the minimum life. If tc1and K2 satisfy the conditions

Probability 1 = 1 a

Probability 1K2j =

then the probability that the interval

KIC" < NO< No — K2e"-° (18)

will enclose the actual value of No will be 2a — 1 = Ptioot. The task sub-
mitted is thus solved by means of Eq. (18). The quantiites tc1 and K2
can be determined with the aid of the diagram in Fig. 13.

SAFETY CRITERIA IN THE EVALUATION OF THE SERVICE LIFE

In the est imation of the permissible service life two safety criteria, as
already established above, are used, namely on the one hand the stand-
ardized probability of the collapse of each specimen of a structure during
the established service life Poor, and on the other hand the probability
of error in Ole establishment of the service life P,.„„,, i.e., the probability
for the case where in reality the probability of failure Proil >  In

= Probability (Pfoil ( P„or,o)

The service lift,: of the structure is thus a function of two quantities
P„„,,u and which offers the possibility of an almost arbitrary choice
of one of t bent. In quite a number of cases, and particularly with log normal
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distribution of the fatigue life for No = 0, this fact does not give rise to any
particular difficulties since ['norm and Per ror in each concrete case can be
chosen in a suitable way. A different situation arises when there are
differences in the character of the distribution, e.g., with strongly deviating
values of No or, more exactly, with different ratios of (a —  In No)/(7.
The reliability of the structure with regard to fatigue can in this case with
fixed  P„,„„,  and Pœ„or be considerably altered, as will be shown later on.
This fact requires the introduction of a more general safety criterion.

Since the principal task in the estimation of the allowable service life is
not to permit failure through fatigue during the period of use it is natural
to take as a safety criterion the actual probability that failure will not
occur. This cabe determined in the following manner. Assume that the
probability of no-failure is a certain function of the serviCe life expressed
in the frequency of the loading cycles.

Pno-fai lure — 1 — F(N).

where  F(N) = f Ncos9( .r)dx  is the integrated distribution of the service life
(.V) is the probability density for the number of cycles to failure.

Assume further thata (.o ow ...e (N)  is the probability density for the allow-. — a

able working life, i.e., that aI abi (N) dN is the probability that the
allowable service life of the structure will appear in the interval  N N

dN. Failure in every speciinen of the structure is a complex occurrence
which when it happens is dependent both on the allowable service life and
On the strength of the given specimen. The probability that failure in
a sample specimen will not occur during use under the established working
life can be determined with the aid of the known formula for the total
probability, Eq. (14).

f [1  — F(N)] cp„ (N) dN  (19)

where II = no failures and  g  describes allowable service life.
As a rule a sufficiently large number of specimens of the given structure

can be found in operation, denoted in the following with v. The probability
of fdilure occurring ill all the specimens is:

= f —Fr p , (N) dN  (20)
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The quantity P„,r,61.,,,. , should be suitably taken as the principal criterion
for the strength of the structure against fatigue failure since this quantity
has a number of properties necessary for this purpose, namely:

Expression (20) gives a clear connection bet ween the safety margin
in the establishment of the working life and the quantity Pno-failure

Assume that  i(N)  [index j = test] is the probability density for the
final results of the fatigue tests (mean value of life, minimum life,
etc.). Assume further that the service life is established by dividing
the test result by the safety factor n:

N ,
IVIiowahIe = —17

In this case

+.
= f [1 — F (--)] 11,(N) dN (21)

which should be shown.
The implication of the criterion Pno-failure becomes understandable,
from which it becomes comparatively easy to determine the nu-
merical value of the safety investigated. The quantity Pno_wIu„

forms, as indicated above, the probability that the whole of the
machine park of the given structure will not be subjected to a single
failure during use. This quantity should be chosen so large that the
failure of a single machine in the whole machine park will be prac-
tically impossible. It would appear that P„o_f0;10„ = 0.99 can be
deemed to be sufficient since thereby is guaranteed on the average
one failure in 100 types of sufficiently reliable structures. Depending
on the circumstances, the quantity P„„_f„,1„,, , can obviously also
take other values.
The criterion P.-failure , is to a sufficient degree adaptable with
regard to the special properties of the dist ribution, the method for
the establishment of the service life and the number of existing
specimens of the structure that are in use.

Let us for example consider the case where t he distribut ion of the length
of life "f„ilm , = F(N)  is a comparatively slowly growing function with low
values of the probability of failure. If the number' of test specimens in the
fatigue test is sufficiently large which means in consequence that the
function tp„ih,„„bh. occupies a sufficiently narrow interval of lengths of
life (see Fig. 14) one can put  F(N) Puorm and P,.„- failure (I — P.n.)"

I __PPnorn,
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The quantity P., m signifies here the standardized probability of failure
of a structure without regard to the factor of safety at the establishment
of the service life.

If the distribution of  F(N)  for small probabilities grows very rapidly
and the minimum life is separated from 0 (see Fig. 15) then

No

Pno-failure = f [1 — F (N )]' (p,(N)dN f[1 — F(N)1 ' so„(N)dN
No

For  N < No, F(N) =  0, but for  N > No, F(N) approaches the value 1, or
at any rate [1 —  F(N)r  0. Therefore

Pno-failure v f
No

51,g(NAN (22)

The integral of Eq. (22) forms an area which is bounded by the curve
(p,,(N)  and the axis  N  to the left of the value N = No. Pno-failure  in the
given case approaches in other words the value of the confidence proba-
bility for the determination of the minimum life.

P no-failure Peon( (23)

The properties now enumerated make it possible to regard  P- no-failure ,
as an acceptable criterion for the estimation of the service life for different
values of the minimum life for the length of life with regard to fatigue.

Especially important in this connection is the relation (23) which shows
that the safety with a sufficiently high minimum life, particularly for a
large number of 1, machines used, is determined by the confidence proba-
bility for the determination of the service life, i.e., the minimum life for
the length of life with regard to fatigue. Through this conclusion it is
possible to establish quantitative values for the factor of safety on the
length of life in accordance with the results presented above.

CONCLUSIONS

1. For a number of components and details in aircraft structures,
particularly for mechanical details with a certain number of weak
points exposed to fatigue loads and with a large machine park, the
service life in fatigue must be determined through the calculation of
a minimum length of life in fatigue.
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In the evaluation of the length of life by means of a minimum value
t he magnitude of the minimum must be determined by considering
the unavoidable errors that occur on account of the statistical scatter
of I he length of life in fatigue and the limited extent of the fatigue
test ing.
The proposed method for the evaluation of a minimum life with the
hel p of the maximum method has turned out to be suitable. The
least number of tests to establish No is at any rate 20. In order to
achi eve acceptable accuracy this number must be increased ten or
twen ty times.
The c alculat ion of a safe service life by working with a minimum life
requires the introduction of a fatigue safety criterion which departs
somewhat from those applicable to No = 0. One of the possible
criteria is the probability of no-failure for the whole machine park,
which is determined by considering random errors in the establish-
ment of the allowable service life.
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